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Abstract 

For G = SL(3,C), we construct an element of G-equivariant analytic 
A-homology from the Bernstein-Gelfand-Gelfand complex for G. This 
furnishes an explicit splitting of the restriction map from the Kasparov 
representation ring R(G) to the representation ring i?(K) of its maximal 
compact subgroup SU(3), and the splitting factors through the equivariant 
A-homology of the flag variety X of G. In particular, we obtain a new 
model for the 7-element of G. 

The construction is made using SU(3)-harmonic analysis associated 
to the canonical fibrations of X. On this matter, we prove results which 
demonstrate the compatibility of both the G-action and the order zero 
longitudinal pseudodifferential operators with the SU(3)-harmonic analy- 
sis. 

1 Introduction 

A typical source for the construction of a Kasparov A-homology cycle is an 
elliptic differential complex. If the elliptic complex is equivariant with respect to 
the action of a group G, and if moreover the group action satisfies an additional 
conformality property (see below) , then one can obtain an element of equivariant 
A-homology. But if G is a semisimple Lie group of rank greater than one, non- 
trivial examples of such complexes cannot exist ( |Pus08| ). This paper describes 
a means of constructing an equivariant A-homology class from the Bernstein- 
Gelfand-Gelfand complex for SL(3, C) — a differential complex which is neither 
elliptic nor conformal, but which satisfies some weaker ('directional') form of 
these conditions. 

The motivation for this construction comes from the Baum-Connes conjec- 
ture. Although an understanding of the conjecture is not essential to this paper, 
it is useful for perspective. The conjecture asserts that for a second countable 
locally compact group G, the assembly map 

: K r (ET) -» K{C* r T). 

is an isomorphism, thus giving a 'topological computation' of the A-theory of 
the reduced group C*-algebra. For a fuller description of the conjecture and 
its many consequences, we refer the reader to the expository article Hig98 and 
the foundational paper BCH94 . 



The conjecture has been proven for a wide class of groups, amongst which we 
mention in particular the discrete subgroups of simple Lie groups of real rank 
one. A notable unknown, however, is the group SL(3, Z). More broadly, the 
conjecture is unknown for general discrete subgroups of semisimple Lie groups 
of rank greater than one. 

For subgroups of rank one semisimple groups G, the proofs in each case centre 
on a canonical idempotent 7 in the representation ring R(G) := KK G (C, C). 
(See |Kas84j for G = SO (n, 1), [JK95] for G = SU(n, 1), [JuIOffi for Sp(n, 1)). 



For our purposes, the most convenient way to describe this idempotent 7 is via 
the following fact. 

Theorem 1.1 (Kasparov). Let G be a semisimple Lie group and K a maximal 
compact subgroup. The restriction map i?(G) — > -R(K) is a split surjection of 
rings. 

The unit in i?(K) is the class of the trivial K-representation, and its image 
under the splitting is an idempotent in R(G). This is 7. 

If 7 = 1 G -R(G) then the restriction map is an isomorphism. In this case, 
the 'Dirac-dual Dirac method' of Kasparov implies that the Baum-Connes con- 
jecture holds for all discrete subgroups of G. This is the approach taken in the 
papers cited above, although in the case of Sp(n, 1) a weaker notion of 'triviality' 
for 7 must be used. 

The idempotent 7 was originally defined via equivariant i^-homology for the 
proper G-space G/K (|Kas88 ). In the rank-one proofs mentioned above, how- 
ever, 7 is more conveniently constructed using the compact space G/B, where B 
is a minimal parabolic subgroup. This can be explained by the fact that the in- 
duced representations from B give a natural topological parameterization of (the 
relevant subset of) representations of G, namely the generalized principal series, 
including the complementary series. It is also pertinent that B is amenable, so 
itself satisfies Baum-Connes. 

It is instructive to consider the construction of 7 in the simple example 
G = SL(2,C). One begins with the Dolbeault complex for the homogeneous 
space G/B S CP 1 : 

This is a G-equivariant elliptic complex. Importantly, though, CP 1 does not 
admit a G-invariant Riemannian metric. The action is conformal (with respect 
to the natural K-equivariant metric), and the translation representation of G 
on L 2 n°''CP 1 can be made unitary by the introduction of a scalar Radon- 
Nikodym factor. But the operator D := d + d will not be G-equivariant, not 
even in the weak sense of defining an unbounded equivariant Fredholm module. 
Somewhat magically though, replacing D by its operator phase results in a 
bounded equivariant Fredholm module. For this to work it is crucial that the 
G-action is conformal on the Hermitian bundles fi°' p CP 1 . 

In order to maintain this crucial conformality property for the other rank one 
cases, one must use increasingly complicated subellitpic differential complexes 
— the Rumin complex for SU(n, 1); a quaternionic analogue thereof for Sp(n, 1) 



lr The first proof of Baum-Connes for discrete subgroups of Sp(n, 1) was due to V. Lafforguc, 
but used a somewhat different approach. 

2 In general, the conformality requirement is even stronger: the ratio of the Radon-Nikodym 
factors in degrees p and p + 1 must be independent of p. We will not explain this further. 
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- and corresponding nonstandard pseudodifferential calculi. Wc remark that 
if-homological constructions using even nonstandard pseudodifferential calculi 
typically result in finitely-summable Fredholm modules. Puschnigg [Pus08 has 
shown that simple Lie groups of higher rank do not admit any nontrivial finitely 
summable Fredholm modules. 

This motivates our construction using the Bernstein-Gelfand-Gelfand ('BGG') 
complex. 

Theorem 1.2 (Bernstein-Gelfand-Gelfand). Let G be a complex semisimple 
group and B a minimal parabolic subgroup. For any finite dimensional holomor- 
phic representation V of G there is a differential complex, consisting of direct 
sums of homogeneous line bundles over G/B and G-equivariant differential op- 
erators between them, which resolves V . 

The bundles in each degree here are not conformal, but their component line 
bundles are individually conformal. (Trivially, any group action on a Hermitian 
line bundle is conformal.) The question is whether this structure is enough 
to produce an element of equivariant if -homology. In this paper, we answer 
this question affirmatively in the case of G = SL(3,C). We thereby obtain an 
explicit construction of the splitting map i?(K) — * i?(G), and in particular a 
construction of 7, which factors through KK G (C(G/B), C). 

The construction is based upon harmonic analysis of SU(3) rather than some 
nonstandard pseudodifferential calculus. An indication of the difficulties of a 
purely pseudodifferential approach is given in Chapter 5 of Yun06j. In fact, 
our construction could be made without any reference to pseudodifferential op- 
erators at all, though pseudodifferential theory has become so central to index 
theory that to do so might seem somewhat eccentric. 

Much of the required harmonic analysis has been developed in |Yunj in the 
broader context of SU(n) (n > 2). We expect that the results of this paper 
should be extendable the groups SL(n, C), and indeed to complex semisimple 
groups in general. The main technical difficulty in the case of SL(n, C) is an 
appropriate version of the the operator partition of unity of Lemma 14.141 of 
this paper. For general semisimple groups, the required directional harmonic 
analysis is yet to be developed. 

As for the Baum-Connes Conjecture itself, it is known that 7 7^ 1 for any 
group G which has Kazhdan's property T. Therefore, a direct translation of 
Kasparov's method cannot prove the Baum-Connes conjecture for simple Lie 
groups of rank greater than one — some subtle variation of Kasparov's argument 
would be required. Nevertheless, it is expected that the present construction 
will be useful for further study of the Baum-Connes conjecture. 

Let us now describe the BGG complex in more detail. In fact, knowledge of 
the cohomological version of the BGG complex is unnecessary for the present 
paper, since our if-homological version will be produced from scratch. But it 
is such a strong motivation that it is worth spending some time explaining it. 

Finite dimensional holomorphic representations of G are parameterized by 
their highest weights. Let V x denote the representation with highest weight A. 
Any weight /1 of G extends to a holomorphic character of B (see Section l2~2j) . 
and we denote by L^° l the corresponding induced holomorphic line bundle over 
X := G/B. The Borel-Weil Theorem states that V x is equivariantly isomorphic 
to the space of global holomorphic sections of L\ o1 . 
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Recall that the Weyl group W is a group of reflections on the weight space. 
It is generated by the simple reflections — reflections in the walls orthogonal to 
a choice of simple roots for G. Word length in these generators defines a length 
function I ; W — * N. We need the shifted action of the Weyl group defined by 
the formula w* p := w(p + p) — p, where p is the half-sum of the positive roots. 
Bernstein, Gelfand and Gelfand [BGG75 showed that there is a holomorphic 
G-equivariant differential operator from L^° l to L^° l if and only if fi = w -k A 
and v = w' * A for some dominant weight A and some w, w' € W with l(w') > 
l(w). What is more, these operators can be assembled into an exact complex as 
foiiowl! One defines the degree p cocycle space C p := @H w )= p C°°(X,LJ^ x ). 
The collection of equivariant differential operators between any and Lffi\^ 
with l(w) — p, l(w') = p + 1 defines a matrix of operators C p — » C p+1 . With 
an appropriate choice of signs these operators resolve the Borel-Weil inclusion 
v \ ^ C°°{X-L\ oX ). 

In the case of SL(3, C), we get a complex 




C°°(X L^ x ) . C oc (X; L^ 2W ^ X ) 

(1.1) 

where ct\, ct2 and p — ot\ + cti are the positive roots, and w a denotes the 
reflection in the wall orthogonal to a. 

In this paper, we define a 'normalized', i.e., L 2 -bounded, version of this 
complex which is analogous to the equivariant Fredholm module constructed 
above from the Dolbeault complex of CP 1 . 

To complete this overview, we give a very brief description of the harmonic 
analysis upon which our if-homological BGG construction is based. The space 
X := G/B is the complete flag variety of C 3 . Corresponding to the simple 
roots a± and cti, there are G-equivariant fibrations X — + Xi (i — 1,2) where 
X\ and Xi are the Grassmannians of lines and planes in C 3 . As described in 
[Yun] . associated to each of these fibrations is a C*-algebra K ai of operators 
on the L 2 -section space of any homogeneous line bundle over X. This algebra 
contains, in particular, the longitudinal pseudodifferential operators of negative 
order tangent to the given fibration. A key property is that the intersection 
JC ai H IC a2 consists of compact operators. Ultimately, this allows us to apply 
the Kasparov Technical Theorem to construct a Fredholm module from the 
normalized BGG operators. 

The structure of the paper is as follows. Section [5] gives the background on 
the structure theory of the semisimple Lie group G = SL(3, C), the flag variety 
X and its homogeneous line bundles, mainly for the purpose of setting notation. 

3 Strictly speaking, Bernstein, Gelfand and Gelfand made a home-logical complex by assem- 
bling intertwiners between Verma modules. What we are calling the BGG complex here is a 
dual cohomological complex. See the appendix of |CSS01| for an explanation of this. 
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In Section [3] we review the C*-algebras fC ai of [Yunj and their relation to 
longitudinal pseudodiffcrential operators on the flag variety X. We also prove 
two important new results concerning these algebras. For the sake of stating 
these results elegantly, it is convenient to place the C*-algebras K a( in the 
context of C*-categories (see Section l3~Tl for details). 

Theorem 1.3. Let E, E' be G-homogeneous line bundles over X. Let A denote 
the simultaneous multiplier category of K, ai and K, a2 (see Definition [37E\) . 

(i) The translation operators g : L 2 (X;E) — > L 2 (X;E) belong to A, for all 
9 G G. 

(ii) If T : L 2 (X;E) — > L 2 (X;E') is a longitudinal pseudodifferential operator 
of order zero tangent to one of the fibrations X — > Xi (i — 1,2), then 

TeA. 

Theorem ll.3f i) is proven in Section l3~!?l Part (ii) is restated in Theorem l3.18l 
The proof requires some lengthy computations in SU(3) harmonic analysis which 
are presented in Appendix El 

In Section 01 we combine the above results to construct an element of 
KK G (C(X), C) from the BGG complex. We also explain why this yields the 
splitting of the restriction morphism i?(G) — > R(K). 

Part of this work appeared in the author's doctoral dissertation |Yimf)fi| . I 
would like to thank my thesis adviser, Nigel Higson. I would also like to thank 
Erik Koclink for several informative conversations. 

2 Notation and Preliminaries 
2.1 Lie groups 

Throughout this paper G will denote the group SL(3, C). We fix notation for 
the following subgroups: K = SU(3), its maximal compact subgroup; H, the 
Cartan subgroup of diagonal matrices; A, the subgroup of diagonal matrices 
with positive real entries; M = H fl K, the maximal torus of K; N, the subgroup 
of upper triangular unipotent matrices; and B = MAN the subgroup of upper 
triangular matrices. Their Lie algebras are denoted g, t, \), a, m, n and b. 

We use to denote the dual of a complex vector space V. We make the 
usual identifications of the complcxifications mc and ac with f) by extending the 
inclusions a, m ► f) to C-linear maps. We thereby identify characters of A and 
M with elements of fjt. Characters of f) will be denoted by \ — Xm © Xa, where 
Xm and xa are the restrictions of x to m and a, respectively. The corresponding 
group character of H will be denoted e x . The weight lattice in raj, = fjt will be 
denoted by Aw- 

The set of roots of K is denoted A. We fix the notation 

/010\ /000\ /00l\ 

X ai = , X a2 = 1 , X p = etc =8, 

\ooo/ \oooy \ooo/ 

which are root vectors for the roots a.\, oti and p := a± + a.%. We fix these as 
our set of positive roots A + , so S :~ {01,0:2} is the set of simple roots. For 
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each a £ A + , Y a will denote the transpose of X a . We abbreviate X ai and Y ai 
to Xi and Yj, whenever convenient. 

We put Hi := [Xj, Yj] e rac- The elements Xi,Yi,Hi span a Lie subalgebra 
isomorphic to sl(2, C), which we denote by Sj. We also put 

/ 1 \ / -2 \ 

H[ := 1 , i?2 := 10 e m c = f), 

\ -2 / \ 1 / 

so that for fixed i = 1,2, Hi and H[ span h, and i?? commutes with s,. 

The Weyl group of G is W = S3 . We let w a denote the reflection in the wall 
orthogonal to the root a. The simple reflections w ai and w a2 are generators of 
W, and the minimal word length in these generators defines the length function 
I on W. 



2.2 Homogeneous vector bundles 

Throughout, X will denote the homogeneous space X = G/B = K/M. 

Let X — Xm © Xa be a character of h. As usual, we extend it trivially on n to 
a character of b. We use L x to denote the G-homogeneous line bundle over X 
which is induced from \. That is, continuous sections of L x are identified with 
B-equivariant functions on G as follows: 

C(X;L X ) = {s : G — > C continuous | s(gman) = e XM (m~ 1 )e XA (a~ 1 )s(g) 

Mg £ G,m e M,a e A,n e N}. (2.1) 

The G-action on sections is by left translation: 5' • s(g) := s(g'^ 1 g). Restricting 
to K, we have the 'compact picture' of C(X; L x ): 

C(X;L X ) = {s : K —> C continuous | s(km) = e XM (m _1 )s(fc) 

VfceK,meM}. (2.2) 

Note that, as a K-homogeneous bundle, L x depends only on xm- 

The compact picture gives a Hermitian metric on L x . Specifically, the point- 
wise inner product of sections is given by 

( Sl (k), S2 (k)) =7^k) S2 (k) £C(X). 

The L 2 -section space L 2 (X;L X ) is the completion of C(X;L X ) with respect to 
the inner product 

(si,s 2 ) = / s 1 (k)s 2 (k) dk. (2.3) 

Some cases warrant special notation. If /j, is a weight for K, we let L^° l 
denote the holomorphic line bundle L^©^. We also let denote the 'unitarily 
induced' bundle L^ p . On the translation action : G — > C{L 2 (X; E ^)) is 
a unitary representation. These will be the main focus of our attention. 

Restricting to K, L 2 (X; E^) becomes a subrepresentation of the left reg- 
ular representation K. If R denotes the right regular representation, then the 
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equivariance condition of Equation (|2.2p becomes R(m)s = e M (m)s for all 
m G M. Infinitesimally, 

L 2 (X; = {s G L 2 (K) \ R(M)s = -/x(M)s for all M G m} 

= P-^ 2 (K), (2.4) 

where p_ M denotes the orthogonal projection onto the (— /x)-weight space of the 
ripW regular representation of K on i 2 (K). 

Let x, x' be characters of B. If / G C(X;L X '_ X ) then pointwise multiplica- 
tion by /, denoted M/, maps C(X; L x ) to C(A'; L x >). This gives a G-equivariant 
bundle isomorphism End(L x ,L x ') = L x <_ x . In particular, End(£ ; /J , i?^') = 
£(m'-m)©o for any weights ^, n' . Moreover, for any / g C(X; Z, ( ^_ M)e0 ), 

U ll ,{g)M f U ll {g- l ) = M g .f. (2.5) 

In this picture, a locally trivializing partition of unity on takes the following 
form. 

Lemma 2.1. i^or an?/ weight \x, there exists a finite collection of continuous 
sections ip%, . . . , ip n G C(X; £ M ©o) smc/i i/iai YTj=i M Vj M-^- = 1. 

Proof. Let fi,...,f n S C(<Y) be a partition of unity subordinate to a locally 

i 

trivializing cover of E^. Composing /? with the corresponding local trivializa- 
tion Lq ^> i^eo gives the sections <fj. □ 

2.3 Parabolic subgroups and equivariant fibrations 

Let P be a parabolic subgroup, B < P < G, with Lie algebra p. Let S C £ be 
the set of simple roots a such that the root space g_ Q is contained in p. This 
set classifies P, and we therefore introduce the notation 



P {Ql} := < * * * > , P {a2 } 



(Here * denotes possibly nonzero entries.) We will simplify this by writing 
Pi := P{c»i} whenever convenient. 

For i — 1,2, let Xi := G/P^. The natural maps (fi : X — > Xi are equivariant 
fibrations with fibres P^/B = CP 1 . We will denote the corresponding foliations 
of X by Ti := ker Dtpi. 

Denote the compact part of P5 by Kg := P5 n K. Explicitly, 

K s := 
Ki := 

K 2 := 
K w := 






A G U(2), z = (detA)- 1 
A G U(2), z = (detA)" 1 
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Then Xi = K/Ki (i = 1,2). 

The complexified Lie algebra (6i)c of decomposes as Si®li, where Si := 
span{JQ, Hi, Y t } = st(2,C) and fa :— span{iJ 2 '} C mc- (Notation as in Section 
12.11 ) For the sake of fixing notation, we recall the representation theory of 
Si = st(2,C). The weights of sl(2, C) are parameterized by the integers. The 
restriction of a weight fi of K to a weight of Si is ^ := (J.(Hi) £ Z. The dominant 
weights are the nonnegative integers N. 

Let X, H, Y S st(2, C) be the basis elements corresponding to X{, Hi.Yi £ Si. 
The irreducible representation of sl(2,C) with highest weight 5 £ N will be de- 
noted V s . It has an orthonormal basis of weight vectors {es, es~2, ■ ■ ■ , £-5+2, e-s}, 
such that 

X-ej = l y /(8-j)(6 + j + 2)e j+2 (2.6) 
H-ej = je 3 (2.7) 
Y-ej = l y /(6-j + 2)(6 + j)e j - 2 (2.8) 

2.4 Harmonic analysis 

For any compact group C, we will use C to denote the set of irreducible represen- 
tations of C, often referred as C-types. For any unitary representation n of C, we 
use V" to denote its representation space, and ir^ to denote its contragredient 
representation. 

For a representation tt of K = SU(3) and elements £ S V v , rf £ V*' , we use 
c„t,£ to denote the matrix unit c„t,^(fe) := (if , 7r(fc)£). Recall the Peter- Weyl 
isomorphism 

Qrt®^ « l 2 (k) 

ry^C i-> (dim^)^c l; t i4 . 

which intertwines ® ir and @ 7r^ with the left and right regular representa- 
tions, respectively. If p^ denotes the projection onto the //-weight space of a 
representation then from Equation I2.41 

nek 

3 Harmonic analysis on the flag variety 
3.1 Harmonic C*-categories 

We will make much use of the results of (Yunj regarding harmonic analysis on 
flag manifolds for SL(n, C). In this section, we review the major definitions and 
results of that paper. Because we are only interested in n = 3 here, we will 
simplify the notation somewhat. 

Let K' be a closed subgroup of K = SU(3). Let Tt be a Hilbert space equipped 
with a unitary representation of K. For a £ K', we let p a denote the orthogonal 
projection onto the er-isotypical subspace of TL (with representation restricted 
to K'). If F C K' is a set of K'-types, we let pp := ^Z aeF Pa- 
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We are particularly interested in the four subgroups K > Ki, K 2 , > M above. 
Note that the isotypical subspaces of M are the weight spaces. 

If K" is a subgroup of K', then the isotypical projections of K' and K" 
commute. In particular, the isotypical projections of K, Ki and K 2 commute 
with the weight-space projections. These isotypical projections can therefore be 
restricted to any weight-space of a unitary K-representation. 

Definition 3.1. A harmonic K-space H is a direct sum of weight spaces of 
unitary K-representations: H = ®^,p^ fc Hfc for some weights (ik and unitary 
K-representations on TL^. 

A harmonic K-space H is called finite multiplicity if for every 7r £ K, p v H is 
finite dimensional. 

Example 3.2. The (right) regular representation is a finite multiplicity har- 
monic K-space by the Peter- Weyl Theorem, as is L 2 (X]E^) for any weight [i. 
More generally, any homogeneous vector bundle E over X decomposes equivari- 
antly into line bundles, so L 2 (X; E) is a harmonic K-space. 

Definition 3.3. Let S C E. Let A : H — » H' be a bounded linear operator 
between harmonic K-spaces. For a', a S K5, let A a r a :— p' a Ap a , so that (A a i a ) 
is the matrix decomposition of A with respect to the decompositions of H, H' 
into Kg-types. 

(i) We say A is K5 -harmonically proper if the matrix (A a / a ) is row- and 
column-finite, i.e., if for every a € K5, there are only finitely many a' £ Kg 
for which either A a i a or A aa > is nonzero. 

(ii) We say A is K5 -harmonically finite if the matrix (A a / a ) has only finitely 
many nonzero entries. 

Define As(H,H'), resp. ICs(H 7 H'), to be the operator-norm closure of the 
Kg-harmonically proper, resp. Kg-harmonically finite, operators from H to H' . 

If H = H', we write A S (H) and K S {H) for A S (H, H) and )C S {H, H), respec- 
tively. These are C*-subalgebras of the algebras C(H) of bounded operators on 
H. Letting H and H' vary, we consider As and K-s as defining C*-categories of 
operators between harmonic K-spaces. We also use JC and C to denote the C*- 
categories of compact operators and bounded operators, respectively, between 
Hilbert spaces. 

Lemma 3.4 f |YmTl Lemma 3.2]). //KS'CS then JC S > C JC S - 

The following two results are restatements of Lemmas 3.4 and 3.5 of [ Yunj . 

Proposition 3.5. Let K : H — > H' be a bounded linear operator between har- 
monic K-spaces. The following are equivalent: 

ft) K e fC s> 

(ii) For any e > 0, there is a finite set F C Kg of Ks-types such that \\ppK\\ < 
e and \\Kpp\\ < e. 

(Hi) For any e > 0, there is a finite set F C K5 of Ks-types such that \\K — 
p F Kp F \\ < e. 
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If A and K are bounded linear operators, we say K is right-composable for A 
if the codomain of K is the domain of A. Left-composability is defined similarly. 

Proposition 3.6. Let A : H — > H' be a bounded linear operator between har- 
monic K-spaces. The following are equivalent: 

(i) A e -4s, 

(ii) For any a G Kg, and any e > 0, there is a finite set F C Kg of K$-types 
such that \\ppAp a \\ < e and \\pa-AppW < e. 

(Hi) For any a G K$, Ap a and p a A are in ICs- 

(iv) A is a two-sided multiplier of ICs, meaning that AK G ICs for all right- 
composable K G JCs, and KA G ICs for all left-composable K G ICs- 

We now describe some considerable simplifications from |Yun] in the case of 
homogeneous vector bundles for SU(3). 

Lemma 3.7. Let E, E' be K-homogeneous vector bundles over X, and put H = 
L 2 (X;E), H' = L 2 (X;E'). Then /C s (iL,iT) = IC(H,H') and A^(H,H') = 
JC % {H,H')=A $ {H 1 H')=C{H 1 H'). 

Proof. Since H and H' are direct sums of finitely many weight spaces for the 
right regular representation of K, any bounded operator from H to H 1 is M- 
harmonically finite. Hence, tC®(H,H') = A${H, H') = C(H,H'). 

Lemma 3.3 of [Yunj shows that ICs(H,H') = K.(H,H'). By Proposition ^. 61 
above, any bounded operator A : H — ► H' is in Ay,. □ 

The only nontrivial cases, then, are /C{ ai } and A{ ai y, which we abbreviate 
as K, ai and A ai . 

Definition 3.8. As in [Yun] . we put A := HscsAg, the simultaneous multiplier 
category of all ICs (S C E). Note, though, that by Lemma \'S. 71 this reduces to 
A{H 1 H') = A ai (H, H') n A a2 (H, H') when H, H' are L 2 -section spaces of 
homogeneous vector bundles. 

In the generality of |Yun] . it is necessary to adjust the operator spaces ICs 
by defining Js '■— ICs H A. The next lemma shows that this is not necessary for 
the current application. 

Lemma 3.9. With H, W as m Lemma\?m\ K ai (H, H') C A(H, H'), for i = 
1,2. Thus, J az {H,H') =K. ai {H,H'). 

Proof. Let i = 1. It is immediate that IC ai (H, H') C A ai (H, H'). Lemma 
5.4 of [Yunj implies that on H and H' ', p a iPa 2 is compact for any o~\ G Ki 
and G2 G K2- Thus, if K : H — * H ' is Ki -harmonically finite, then Kp a2 G 
K(H,H') C fC a2 (H,H'). By Proposition [331 K G A a2 {H,H'). Taking the 
norm-closure, K, ai (H, H') C A a2 (H, H'), which proves the result. The case 
i = 2 is analogous. □ 

We therefore avoid the notation J ai altogether. 

Theorem 3.10 ( [ Yun[ Theorem 1.11]). Let E be a K-homogeneous vector bun- 
dle over X, and H := L 2 (X; E). Then 



10 



(i) IC ai (H) is an ideal in A{H), for i = 1,2. 
(ii) fC otx {H)(MC ot2 {H)=tC{H). 

Lemma 3.11 ( |Yun[ Lemma 8.1]). Let [i, v be weights. For any f € C(X\ E^-^), 
the multiplication operator Mf : L 2 (X;E„) — > L 2 (X;E fl ) is in A. 

Remark 3.12. Lemma 13.111 depends on K-equivariant structure only, so that / 
may be (the restriction to K of) a section of L( jU _ 1/ )0 Xa for any \a € tnj.. 

3.2 Principal series representations 

The purpose of this section is to prove the following important fact, the first of 
two rather technical harmonic analysis results. 

Proposition 3.13. Let (j, S A w . For any g £ G, U^g) S A(L 2 (X; E^ j). 

We will use the notation for the elements of tc from Section [2TTT1 noting that 
the elements X a , Y a (a € A + ) and Hi, H[ (for either i = 1 or 2) form a basis 
for g. We let A* , Y^, Hj, H-' denote the dual basis elements of . We also 
recall the notation c^t^ for matrix units. 

Lemma 3.14. Let A E a. Let n e K and £ , £ € (V" 7r )_ Al . Then 

u^{A)c v i j: = c^t®A,H(e)> where 

3(0 := p(Hi)Z ® fl? + ® + E sign(a)7r(A Q )£ ® e^®^. 

Note that c^tg^Efj) is a matrix unit for the non-irreducible representation 
7r <8> Ad^ , hence a sum of matrix units for the irreducible components of 7r ® Ad^ . 

Proof. Define functions n, a, n on G using the Iwasawa decomposition: 

g =: K,{g)a(g)n(g) S KAN, for g S G. 

The derivatives Dk c , Da e and Dn e at the identity are the (R-linear) projections 
of q onto the components of the decomposition g = 6© a© n. If P € fj, let 
us write P = P+ + Pq + P- where P + , Pq, P_ are strictly upper-triangular, 
diagonal, and strictly lower-triangular, respectively. If P is self-adjoint, the 
6 © a ffi n decomposition of P is P = {-P+ + P-) ® P © 2P+. Thus, 

D Ke (P) = ( - ^ sign(a)A Q © A+ ) P, (3.1) 

V aGA / 

Da e (P) = (Hi® + H' i ®H?)P. (3.2) 

For a G A, k € K, 

a" 1 *; = kk^a^k = feK(fc -1 a- 1 fc)a(fc- 1 a -1 fc)n(jb -1 o -1 jb). 

In order to describe the G-action on a K-matrix unit, one must extend c„t,£ to 
a B-equivariant function on G. Equation (J2U)) gives 

C/ Al (a)c t? t, 4 (fc) := c^t, 4 (a _1 fc) 

= e p (a(fc- 1 a/c))c, ) t, c (fcK(fc- 1 a" 1 fc)) 

= e p (a(fc- 1 a/c))(?7 t ,7r(fc)7r(K(fc- 1 a~ 1 fc))C). (3.3) 
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Let a — exp(iA), and take the derivative with respect to t at t = 0: 
^(A) V ,afc)=P(^ae(Adfc- 1 (A)))(7 7 t^(fc)^)-(r,t, 7 r(fc)7rp Ke (Adfc- 1 (A)K). 
Since Adk^ 1 (A) is self-adjoint, Equations (|3.1|) and f|3.2|) give 

= piHJtH}, Ad k- 1 (A)) (rf,ir(k)Z) + p(Hi)(Hl\Adk-\A))^Mm) 
+ J2 sign(a)( V \n(k)Tr(X a )(xlAdk-\A))t) 

= (A, Ad* k(H})) tfMQpmt) + (A, Adt k(H?)) WMQpmt) 

□ 

Recall the decomposition (ti)c = Si © fa of Section [2731 Let fi £ Aw- Since 
fa Q f}j the action of fa on the (— /x)-weight space of any K-representation is 
completely determined by p. Thus, the K;-isotypical subspaces of L 2 (X;E^) 
are the Si-isotypical subspaces. Moreover, since L 2 [X\ E^) has s^-weight — fa := 
—fjj{Hi), the Si-types which occur must have highest weights \fa\, \fa\ + 2, . . . 

In what follows, we fix i = 1 or 2 and let 07 denote the s^-type with highest 
weight / e N. We abbreviate pi :— p ai . Note that pi = on L 2 (A';i? Al ) if 
i ^ /iti (mod 2) or Z < \fa\. The next lemma shows that ^(A) is tridiagonal 
with respect to Kj-types, and that the off-diagonal entries have at most linear 
growth. 

Lemma 3.15. Fix \i € Aw and let A £ a. There exists a constant C > such 
that for any m, I € N, 

lbm^(^)p/|| = s/|m-Z|>2, 
||p m f/ M (^>/|| < C(Z + 1) if\m-l\=2. 

Proof. Let us take i = 1, with the case of i = 2 being entirely analogous. 
Suppose c,^ € p;L 2 (A'; which is to say that S V^, £ € (V' r ) <71 for 
some 7r € K. By Lemma f3. 141 we need to understand the decomposition of H(£) 
into Si-types. 

The adjoint representation of g decomposes into the Si-representations 

span{Xi,Fi, Yi}, span{if(}, span{A 2 ,A 3 }, span{F 2 , Y 3 }, 

and decomposes dually. We break up the expression for £(£) into correspond- 
ing parts. 

Firstly, H[ has trivial Si-type, so p{H' 1 )^ ® has s^-type L Next, note 
that the vector A 2 ® X\ + A3 ® A3 € g ® also has trivial Si-type, since it 
corresponds to the identity map on the subrepresentation span{A 2 , A3}. The 
map 

V n ® ® g 1 * -> ® f 
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is a morphism of K-representations, in particular of s^-representations, so 7r(A2)£<§ 
X\ + 7r(X 3 )£ <g> X| also has Si-type L Similarly, -tt(Y 2 )^ ® F 2 t - 7r(>3)£ ® 
has Si-type L 

Thus, all the off-diagonal components of U^A) are due to the components 

Si(0 := p{Hi)£ ® ill + 7r(Xi)f ® Xj - 7r(yOC (8 Y% (3.4) 

of S(£). The coadjoint representation of Si on span{Xj, Hi , } nas highest 
weight 2, so the fusion rules for SU(2)-representations imply that (|3.4[) contains 
Sj-types I — 2,1,1 + 2 only. 

It remains to prove the norm estimate on the off-diagonal terms. By Equa- 
tions szM-szr 



\\p(Hin = 2uw < (i + imi 



= ^)(i+^ + 2)u\\ < (i + i)u\\, 



\\*{Yi)t\\ = y(i-^ + 2)(i+ fM )u\\ < + 

so the norm of 3i(£) is bounded by Co (7 + l)| £|| for some constant Co- We need 
to convert this into a bound on the norm of the matrix units. 

Decompose tt (8 Ad' into irreducible K-subrepresentations. Suppose tt' is an 
irreducible subrepresentation of tt ® Ad^. By orthogonality of characters, tt is a 
subrepresentation of 7r'(gAd. Therefore dim tt < dim(7r'<gAd) = 8dim7r', so that 
dim7r' > gdim7r. This also shows that the number of irreducible components 
of tt eg) Ad^ is at most 64. 

For each irreducible subrepresentation tt' of tt ® Ad^, let y\, denote the 
7r'^-component of ® A, and av the 7r'-component of £].(£)• We get 



\pi±2U fi (A)pic v ^ ( \\ 2 < \\c v ® A:El (t)\ 

= E 



vU\ 2 \\*« 



dim 7r' 

7T' 

< \\AfcZ(i + if^^\\ v ru\\ 2 



< 



1.64.\\A\\ 2 C 2 (l + l) 2 \K t J 2 



Putting C = \/512||A|| C gives the result. 



□ 



Proof of Provosition VJ.HA We need to show U^g) € A*j for i = 1,2. For 
A: £ K, the left translation action U^(k) commutes with the decomposition into 
right Ki-types, so that U^(k) <E A ai trivially. By the KAK-decomposition, it 
suffices to prove the proposition for g = a 6 A. 

We continue with the notation of the previous lemma. Put P m := 'Y^™ =Q Pj- 
We will show that for any I S N and any e > 0, there exists m S N such 
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that \\P 7 ^U fi (a)pi\\ < e and ||pz[/ M (a)P,^| < e, from which Lemma 1331 gives 
U^a) £ Aa v 

Let A £ a such that e A = a. Define : N — ► [0, 1] by 



4>{n) 



1, n < I, 

max{0, 1 — |p log(n + 3)}, n > I, 



where C is the constant of the previous lemma. Define := ^2 ne ^(t>(n)p ni an 
operator on L 2 (X; E^) which is scalar on each K^-type. 

We now decompose U^A) into its diagonal and off-diagonal components. 
For convenience of notation, we put U := U l _ l (A), then write U = U- + Uo + U + , 
where 

oo oo oo 

U- = y^n-jUPn, Uo = S^PnUPn, U + = ^p n+2 Up n . 

n=2 n=0 n=0 

The diagonal component Uq commutes with On the other hand, 

\\[ Pn - 2 U Pn ,^}\\ = \\(4>(n)-^(n-2)) Pn - 2 Up n \\ 
e 2 

< — (log(n + 3)-log(n+l)) 
e 2 1 

< 



2C (n + 1) 
e 2 



by Lemma T3. 151 Thus, 



||[E/1,*]|| =sup||[C/ n _ 2 ,„,$]|| < \e 2 . 

Similarly, ||[*7+,$]|| < \e 2 . Therefore, \\[U^A)^]\\ < e 2 . 

Let s € p;L 2 (A'; E^) have norm one. Put s t := t/ M (e* A )s for < t < 1. Then 

\j t {<5>s u s t )\ = \{^U„{A)s u s t ) + (^s t ,U^A) St )\ = |([$,[/ M (v4)] St , s ,)| < e 2 , 
for all t. Therefore, 



> i 



($s ,s ) 

2 



Let to be the smallest integer for which </>(m) = 0. Put v := P m si and w := 
P^si. Then ||v|| 2 + ||w|| 2 = 1, but also 

|H| 2 > ($v, v) = (<&«, u) + to) = ($si, si) > 1 - e 2 . 

It follows that \\w\\ < e, ie, ||P^C/ /x (a)s|| < e. Since s £ piL 2 (X; E^) was 
arbitrary, \\P^U^,{a)pi \\ < e. 

Replacing a with a -1 , there exists to' S N such that \\Pm'U f j,(a~ 1 )pi\\ < e. 
Thus, after enlarging to to be at least to', we have 

\\PtU»(a) P m\\ = WP^U^a-^piW < e. 

□ 
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In fact, Proposition 13. 131 holds for any generalized principal series represen- 
tation. Although we don't actually need this here, it is now trivial to prove. 

Corollary 3.16. For any G -homogeneous line bundle L 2 (X;L X ) over X, the 
translation operators s i— > g ■ s belong to A. 

Proof. Let \ = xm © Xa- A computation of the form of Eq. (|3.3p gives 

g ■ s {k) = e x ^{z{k- 1 gk))s{kK{k^ 1 g- 1 k)), 

for any k € K, while 

U Xu (g)s(k) = eP^k^gkMkKik^g^k)). 

Note that z(m~ l gm) = a(<?) for any m £ M, g £ G. Therefore, g ■ s = 
MfU XM (g)s, where /(fc) := e^ A ^(a(fc- 1 (/fc)) is in C(K/M) = C(A"). Since Af/ 
and U XM (g) are in .4, we are done. 

□ 

3.3 Longitudinal pseudodifferential operators 

Let A £ tc be a root vector, of weight a. Via the right regular representation, 
A defines a left K-invariant differential operator on C°°(K). For each weight 
/i, X maps j3_ M L 2 (K) to p_ M + a L 2 (K), so it defines a K-invariant differential 
operator 

A : L (X;Efj,) — > L -E^-q). 

The principal symbol of this differential operator is a K-equivariant linear map 
from the cotangent bundle T*X = K x M (6/m)* to End(£' M , 2? M _ a ) = £7- a . 
(Here (t/ m )* denotes the reaZ dual of 6/ m -) By equivariance, this map is de- 
termined by its value on the cotangent fibre at the identity coset e G X, which 
is 

Symb(A) : T£X = (f/m)* C (3.5) 

i -> e(A). 

If A € (6i) c (i = 1 or 2), then the differential operator A : C 00 ^;^) -> 
C°°(A'; E^ a ) is tangential to the foliation .Fj of Section l2~3l We will refer to 
such an operator as an .T^-longitudinal differential operator. Its longitudinal 
principal symbol is the K-equivariant map Symbj^. : J- * — > B_ a which, at the 
identity coset, is given by 

Symb Ji :(.F i *)e = («i/«0* -» C 

An .^-longitudinal differential operator is longitudinally elliptic if its longi- 
tudinal principal symbol is invertible off the zero section of T*Ti. Note that 
A, = -\{X[ + yf=\X'{) G («i) c where 
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span 6j/m, so that Xi is ^-longitudinally elliptic. Similarly, is ^-longitudinally 
elliptic. Moreover, Xi and Yi are formal adjoints. We shall use Xi, Yi also to 
denote their closures as unbounded operators on the L 2 -section spaces. 

Fix fi € A w - Let E := E^E^-^, and define A := ^ on L 2 (X; E). 

The Si-isotypical subspaces of L 2 (X; E) are eigenspaces for A, and by the rep- 
resentation theory of Si — specifically Equations (|2.6p and (|2.8p — its spectrum is 
discrete. 

For the definition and basic properties of longitudinal pseudodifferential op- 
erators, we refer the reader to If E, E' are vector bundles over X, we 



denote the set of .T^-longitudinal pseudodifferential operators of order at most 
p by ^%{E, E'). If E = E', we abbreviate this to ^{E). 

Let C(S*J r i]End(E)) denote the algebra of continuous sections of the pull- 
back of End(E) to the cosphere bundle of the foliation Ti. The longitudinal 
principal symbol map Symb^. : ^%{E) — > C(S* Ti\ End(.E')) extends to the 

operator-norm closure ^^(E), and we have Connes' short exact sequence, 

Symb 



^l(E) *%i(E) C(S*fi;End{E)) * 0. (3.6) 

For any closed, densely defined, unbounded operator T between Hilbert 
spaces, we let PhT denote the phase in the polar decomposition: T = (PhT)|T|. 
We also use Phz to denote the phase of a complex number z G C x . 

Lemma 3.17. For any weight fj,, PhXi : L 2 (X;E^) — > L 2 (X; E^ ai ) and 
PhYi : L 2 {X;E^- ai ) — > L 2 (X;E^) are T {-longitudinal pseudodifferential op- 
erators. Their longitudinal principal symbols at the identity coset are 

Symb^(PhX 4 )(0 = Ph(£(J5Q)), 
Symb^(Phy 4 )(0 = Ph(em)) - PWUO)- 
for £ in the unit sphere of(ti/m)* = (Ti*) e . 

Proof. Let E := E^ £^_ aj . Fix e > such that Spec(A) H (-c,e) = {0}. 
Let / : R — > [-1, 1] be smooth with /(0) = and f(x) = sign(x) for all \x\ > e. 
A fibrewise application of |Tay81[ Theorem 1.3] shows that /(A) = PhA € 
'J^A'; E). Moreover the proof of the theorem shows that its full symbol has 
an asymptotic expansion with leading term /(Symb^. D{). Note that 

has spectrum {±|£(X;)|}, so if £ is large enough that > e, then 

/(Symb^ A)(0 = Ph (Symb^ A(0) = ( ph ( ^y } Ph ( 

This is radially constant on (Jj/m)* for > e. The principal symbol is the 

limit at the sphere at infinity. □ 



*In this reference, they are called tangential pseudodifferential operators. 
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Theorem 3.18. Let E,E' be K-homogeneous vector bundles over X. Then 



(i) ^l(E,E')C)C ai , 

(ii) &%i(E, E') C A, 

Part (i) is proven in Proposition 1.12 of |Yun) . It is also shown there that 
^%(E,E') C Ai. The more difficult question of showing %%(E, E') C Aj for 
j ^ i requires some lengthy computations in noncommutative harmonic analysis. 
In order not to disrupt the flow of ideas too severely, we have presented the proof 
in Appendix [A"l 

As an indication of the subtleties involved, we remark that the longitudinally 
elliptic differential operator X\ is not an unbounded multiplier of IC a2 . To see 
this, note that (1 + XfXi)-? G *^(£' M ) C JC ai , Since /C Ql ./C Q2 C /C, the 

range of (1 + X*Xi)~? as a multiplier of IC a2 is not dense. Thus, X\ is not 
regular with respect to /C Q2 (see Lan95, Chapter 10]). Hence, proving that 
PhXi multiplies K,2 can not be achieved by direct functional calculus. 

Lemma 3.19. Let i = 1,2 and let [i^v be weights. For any f € C{X\E V ^^), 
the diagram 

L 2 (X;E^) —^L 2 (X;E„) 



PhXi 



PhXi 



L 2 (X; Eft-at) — > L 2 (A"; E v ^ ai ) 
commutes modulo K, ai . 

Remark 3.20. We abbreviate this result by writing [PhX^M,] S /C Qi . By 
taking adjoints, we also have [PhY"i,Af s ] S /C Qi . 

Proof. As an element of C(S*Ti] E ai ), the principal symbol of PhXi : L 2 ^; E^) 
L 2 (X]E^- ai ) is independent of the weight fi. Thus, the above diagram com- 
mutes at the level of principal symbols. □ 



4 The normalized BGG complex 
4.1 G-continuity 

Before embarking on the main construction, we need to make some remarks 
regarding the issue of G-continuity. Recall that a bounded operator A between 
unitary G-representations is G-continuous if the map g 1— > g.A.g~ x is continuous 
in the operator-norm topology. 

Rather than burden the notation with extra decorations, we choose to make 
the convention that throughout this section, we use fC ai (i — 1,2) to 
denote its C*-subcategory of G-continuous elements. 

This is reasonable, since almost every operator we deal with is G-continuous. 
From [AS 71], we know that for any homogeneous vector bundles E, E' over 
X, the set of longitudinal pseudodifferential operators (E, E,' ) consists of 
G-continuous operators. This includes continuous multiplication operators, in 
the sense of Section 12.21 (which are G-continuous for much simpler reasons) . 
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The notable exceptions, of course, are the representations U^g) of the group 
elements themselves. 

In the majority of instances, where G-continuity is a trivial consequence of 
the above remarks, we will not make specific mention of it in the proofs. 

4.2 Intertwining operators 

Let /j, // be weights for K = SU(3). It is well known that the principal series 
representations and are unitarily equivalent if and only if fjt! = w ■ jj, 
for some Weyl group element w G W. When w — w ai is a simple reflection 
corresponding to the root Oii, there is a very concise formula for the intertwining 
operator. 

Proposition 4.1. Let fj,, u' be weights with // = iv ai fj,, so that fj, — ji' = non 

for some n G Z. If n > 0, the operator (PhXi) n : L 2 (X;E /X ) -> L 2 (X;E^>) 
intertwines and U'. If n < 0, then (PhY;)™ : L 2 (X;E fl ) — > L 2 {X; E '^/) is an 
intertwiner. 

This is essentially the formula given by Duflo in [Duf751 Ch. III]. However, 
Duflo's formulation is sufficiently different that we feel a brief comparison is 
worthwhile. 

Proof. We follow the notation for sl(2, (C)-representations from the end of Sec- 
tion [2J3 Note that Equations (|2J]l and ([2lj]) imply that (PhX)ej = e J+2 and 

(Phy)ej = ej_2- Secondly, with w — 

(PhYy-ej = e_j = (-l)^ s -^wej, 

for any j > 0. (See |Duf75l §111.3.5].) 

Recall that the restriction of u to a weight of Si is fa := (i(Hi) G Z. The 
hypotheses of the proposition are equivalent to saying fa = = n. 

First consider the case n > 0. Let A — A(w l ,fa 0) : L 2 {X; E^) — > L 2 (A"; i*^/) 
be the intertwiner of |Duf75l §111.3.1]. The action of A upon matrix units is given 
in [Dut75l §111.3.3 and §111.3.9] as follows. Let tt G K, G V^, £ G P- P (V^) 
and suppose that £ lies in an irreducible Si-subrepresentation of with highest 
weight S. Then, in the notation of Section [2.41 A : c„t,£ * Cnt,f' where 

c = (-i)^ 5+|w|) iMi|-^K-)^ 

Hence, A = (//^(Ph JQ) n : L 2 (X;E fl ) -> I? (X; E M > ) , where X. L here denotes 
the right regular action. Thus, (PhXj) n differs from A by the positive scalar 

The case n < follows since PhY^ = PhXi*. 

□ 

We now recap the directed graph structure which underlies the BGG com- 
plex. For our if-homological purposes, it will be convenient to make an undi- 
rected graph, or more accurately, to include also the reversal of each edge. 
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As before, if a is a positive root, we use w a <E W to denote the reflection in 
the wall orthogonal to a. For w, w' € W, we write w <— > w' if w' = w a w and 
l(w') — l{w) ± 1. We will write w <— ► w' if w <— > w' for some a € A + . An edge 
w A w' will be called simple if a is a simple root. 

For G = SL(3, C), this yields the graph 




Definition 4.2. Fix a dominant weight A. If w -A- w' is a simple edge, we 
denote by I\ w ^ w i the intertwining operator of Lcmma l4.ll 



(PhA,)™ ifn>0, 
(PhYi)- n ifn<0, 



where wX — w'X = non. These will be referred to as simple intertwiners. Note 
that Ix. w '^ w — I\ tW ^, w i- 

For the non-simple edges, we define intertwiners as compositions of simple 
intertwiners: 



I\,W a 



■■= h 

'■= I\,w a 



(4.3) 



>W a2 'I\,W ai — >1 
W a2 W ai • I\ ,1 — >W ai -I\ : W ao — >1 ) 

Remark 4.3. Duflo's intertwiners form a commuting diagram of the form 

L 2 (X;E WaiX ) I?{X;E WaxWa2> ) (4.4) 



and I\ : w ai w a2 ~*w ai '■— I\, Wai ^w ai w 




L (X;E W \) L 2 (X;E U 



L 2 (X; E Wp \) 



Since the simple intertwiners I\. w ^ w ' defined here are positive scalar multiples 
of Duflo's, the corresponding diagram of intertwiners Ix,w^w' commutes up to 
some positive scalar. But Ix, w ^>w' = (PhAj) n is unitary, so that scalar is 1. 
The non-simple intertwiners defined by Equation (|4.3[) are precisely those that 
complete (|4.4p to a commuting diagram of the form 



Definition 4.4. Define K p := fC ai +/C Q2 . That is, K p {H,H') := K ai (H,H') + 
K. a2 (H, H') for any harmonic K-spaces H. H' . Following the convention of 
Section [4.11 we are including the condition of G-continuity in this definition. 
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Lemma 4.5. Let X be a dominant weight, 
(i) For each w <— > w' , I\ tW _> w > G .4.. 

(ii) Ifw*^*w', then [Ix,w^w' , Mf ] € K a for any f € C(X). 

Proof. Part (i) is immediate from Theorem l3.18l If a is a simple root, then (ii) 
follows from Lemma 13.191 For a — p, there are four intertwiners to be checked. 
The following calculation is representative of all of them: 

[h 

+h [I\,i->w aa , Mf].I\ tWai ->i 

■I\,l^W a2 ■ [l\,W ai -»1 7 Mf] . 

□ 



4.3 Normalized BGG operators 

Definition 4.6. Define the shifted action of the Weyl group on weights by 
w~k /t := + p) — p. 

From now on, A will denote a dominant weight. 

Definition 4.7. If w <-^> w' is a simple edge, then w * X — w' * \ = na.% for 
some n € Z. We define the normalized BGG operator T\ tW ^ w i : L 2 (X; E w +\) — > 
L 2 (*;£^ A ) by 

'(PhJQ)™ ifn>0, 
(PhFi)-™ ifn<0. 



where w -k X — w' * X = ncti. 

For the non-simple arrows, define 



Tx 
Tx 



= T x ,W a2 — >W ai W a2 ■Tx,i^w a2 -Tx 
= Tx ,W ai — >W a2 Wat-, ■Tx,i^ Wai -Tx 

rp* 

X,w ai — >w a -^w a2 

ry-i# 

A,U> QQ — >W a ~W a . ' 



Obviously, the definitions of the normalized BGG operators Tx, w ^w' are 
identical to the definitions of the intertwining operators Ix+p,w^w' , except that 
the weights of the principal series representations on which they act differ by 
the shift of p. The next few lemmas describe the consequences of this. To begin 
with, we have an exact analogue of Lemma l4.5l with essentially identical proof. 

Lemma 4.8. Let X be a dominant weight. 

(i) For each arrow w <— > w' , T\ <w _> w > S A. 

(ii) Ifw-Aw', then [Tx, w ->w r , Mf] 6 K. a for any / e C(X). 
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Lemma 4.9. Let ipi, . . . , (fk G C-(X;E p ) be such that X^=i Ifjl 2 ~ •"■> as * rl 
Lemma \2.1\ If w <—> w' , then 

k 

T\,w^w' = ^ M T p-Ix+ P ,w^w'M iP] (mod fC a ). 

3 = 1 

Proof. This is an immediate consequence of Lemma 13.191 □ 

Lemma 4.10. If w <— > m/, f/iera Tx. w '^ w T\, w ^ w i — 1 e /C a . 

Proof. Let ipi, . . . ,ifk € C(<^; -Ey>) be as in the previous lemma. By Lemmas 14.91 
and 1431 

T\ tW >—m,Tx tW —nu' = M—I\+p,w'^w'M^>jTp-7 I\+p,w^w' M^^, (mod /C a ) 
= 2J Myj/A+p.tu^-^Xx+p.tti-Ku'Mp jV~r M v ,i (mod /C Q ) 

3,j' 

= /J Mip-vj—ipj, 

3,3' 
= 1. 

□ 

Lemma 4.11. TTie diagram of normalized BGG operators 

L 2 (X; E Wai *x) -^ 2 (^; -E'w c<1 uj a2 *A) (4.5) 






L 2 {X;E X ) ^/^^ L 2 (X;E Wpir> 

L 2 (X; E Wa ^x) ^ 2 (^; E Wet2Waii ,\) 



commutes modulo JC C 



Proof. For adjacent edges w w' w", a calculation analogous to that of 
the previous proof gives 

T\ jW ' ^w"T\ :W ^ w t — (I\+p,w'—*w"I\+p,w—>w ,s ) Mtpjip-fMtp , (mod /C a '). 

3,3' 

Note that /C Q < C JC P . The commutativity of (|4.5p modulo JC P is therefore a 
consequence of the commutativity of the corresponding diagram of intertwiners 
h+p,w^w' (Remark S3]) . □ 

Lemma 4.12. Let w w' . For any g 6 G. 

€ K a (4.6) 
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Proof. We first note that if A is a G-continuous operator, then so is g.A.g 1 . 
Let ipi, . . . , iph G C(X; E p ) be as in Lemma |4~§1 Then, 

U W '*\{g)T\ U w ±\(g ) 

= ^2 Uw'-kX (g)M 7 jh+p, w -^w' M Vj U w *x (g~ 1 ) (mod K a ) 
j 

= X! u w'*x(9) M ^U w ,^x+p)(g^ 1 )I\+p.w^w'U w (x +p )(g)M Vj U wir x(g^ 1 ) 

3 

= X-l/,,, /x.,..,, .,, .1/,.... . (4.7) 

Since J^j=i |<? • </?j| 2 = 1, Lemma WH\ shows that (I4.7[) equals Ta^^j/ modulo 
/C Q . 

□ 

4.4 Construction of the gamma element 

Fix a dominant weight A. Let H\ := ®^ eW L 2 {X] E wi ,\). For each w G W, 
let Qu, denote the orthogonal projection onto the summand L 2 {X\ E w +\) of H\. 
We put a grading on H\ by declaring £ 2 (A"; E wi ,\) to be even or odd according 
to the parity of l(w). 

For / G C(Af), M/ will denote the multiplication operator on Hx, acting 
diagonally on the summands. We let U denote the diagonal representation 
ffii«ewf4i*i of G. For each w <— > w' , we extend the normalized BGG operator 
Tx, w ^ w > : L 2 (X]E wi ,\) —f L 2 (X;E w ^x) to an operator fx >w ^ w > : H x -> H x by 
defining it to be zero on the components L 2 {X\ E w ii±x) with w" ^ w. 

For the remainder of this section, we use IC a , A, 1C, L to denote K a {Hx), 
A(H X ), JC(Hx), C(H X ). 

Lemma 4.13 (Kasparov Technical Theorem). There exist positive G-continuous 
operators N± , N2 G C with the following properties: 

(1) N 2 + N 2 = I, 

(ii) Ni ■ IC ai C K, for each i — 1,2, 

(Hi) Ni commutes modulo compact operators with 

• M f for all f G C{X), 

• U(g) for all g G G, 

• the normalized BGG operators Tx tW —>w'i f 0T oil w w' , 
(iv) Ni commutes on the nose with U(k) for all k G K, 

(v) Ni commutes on the nose with the projections Q w for all w G W, i.e., Ni 
is diagonal with respect to the direct sum decomposition of Hx ■ 

Note also that N\ and N2 commute, by (i). 

Proof. See |Bla98i Theorem 20.1.5]. The K-invariance of (iv) is obtained by aver- 
aging over the K-translates U(k) Ni ?7(fc _1 ) of Ni. Also, the operators J2 W ^Qw 
(taking all possible choices of signs) form a finite group of unitaries, so that a 
similar averaging trick gives property (v) . □ 
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Lemma 4.14. There exist mutually commuting operators N w ^ w i G C, indexed 
by the edges of the graph {4-2) , with the following properties: 

(i) N w — > w ' — — *w 

(ii) If w <—> w' for a £ {ai, 0.2, p}, then N w ^ w iK, a C /C. 

(Hi) If w «-> w' <-> u>" tuif/i w ^ w" then N w i^ w »N w ^ w iK, p C /C. 

(raj For any w,w" € W, / N w i—, w »N w —> w i — 8 WtW ", where the sum is over 
w' such that w «-> to' «-> u>". 

(wj N w ^ w i satisfies (Hi), (iv) and(v) of Lemma \4.13\ 

Remark 4.15. To clarify a possibly misleading notational point, N w ^ w i does 
not designate an operator between L 2 (X]E wit \) and L 2 (X]E w t*\). Rather it is 
an operator on H\ which we will use to modify the operator T\ }W ^> W >. 

Proof. With N 1: N 2 as in the previous lemma, assign operators N w ^ w i to each 
arrow as follows: 



W a± -N1N2 w ai w, 




W a2 W a2 W, 



The asserted properties can be easily checked using the properties of Ni and N% 
from Lemma 14.131 and the diagram (|4.2p . It is worth noting particularly that 
N1N2 multiplies JC P into the compact operators. □ 

Definition 4.16. Define Fx, w -> w ' '■= N w ^ w <T\ t w ^ w <. 
Lemma 4.17. For any w < — * w' , 

(i) F K „,-Fl w ,^ w e1C. 
(H) [Fx,w-^ui' , Mf] G K, for any f e C(X), 
(Hi) U(g) F X . W ^ W ' Uig" 1 ) - Fx tW -> W ' G fC, for any g S G, 
(iv) F\ }W —> W ' is K-invariant, ie ; [Fx, w — > w i , U{k)] — 0, for any k <= K. 

(v) F\ iW -> w i is Q-continuous. 

Also, 

(vi) For anyw,w" e\N, Q2 W > Fx, w '^w"F\ tW ^ w ') = 5 WjW '/Q w (mod JC), where 
the sum is over w' € W such that w <-> w' <-> w" . 
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Proof. Let w A w' . By definition, T x , w -> w > = T^ w ,^ w , so Fx, w ^w'-F^ w ,^ w = 

[N w ^w' ,f\,w->w>], which proves (i). 

Since N w —, w / commutes modulo compacts with multiplication operators, 

[Fx M f ] (mod JC) 

By Lemma 14.81 the latter is in N w —> W 'JC a C /C, which proves (ii). Similarly, for 
(iii), 

U(g) F x>w ^ w , U{g~ l ) - F x , w ^ w < 

= N w ^ w > (U(g) fx, w ->w> U{g~ x ) - fx, w ^w') (mod JC) 



and the latter is in N w —> w iJC a C JC by Lemma 14.121 

For any weight fi, the differential operator X% : L 2 (X;E^) — > L 2 (A"; £^_ a( ) 



is K-invariant. Likewise for its essential adjoint Yi : L 2 (X; E^- ai ) — > L 2 (A"; £? ( 



Hence, PhX^ : L 2 (X;E^) — > L 2 (A"; E^ ai ) is K-equi variant. The normalized 
BGG operators Tx tW —> W ' are compositions of such operators, and N\^ w w' is 
K-invariant by definition. This proves (iv). 
Once again, G-continuity is trivial. 

We prove (vi) in two separate cases. Firstly, suppose w = w" . For any w' 
with w *— > it/, Lemma T4. 101 implies that Tx, W ' ^>wTx,w^w' = Q w (mod JC a ). By 
Lemma I4.14f iv) , 

^ ^ Fx,w ! — *wF\^w — >iv' — ^ y N w ' — >w-N w — >w ,r F\^ w > — tw^x.w — >w' (mod /C) 

w' w' 

= N w i^ w N w ^ W 'Q w (mod JC) 

w' 

— Qw - 

If w «/, the result is trivial unless there exists at least one w' such that 
w «-> to' «-> to". If such a to' exists, Lemma 14.111 implies that the products 
Tx,w'—rw"T\ tW -> w i are independent of this intermediate vertex w' , modulo JC p . 
Let us fix one such product and denote it temporarily by T\, w ^.^ w >> . Then by 
Lemma STTUJiv) , 

^ F x ,w' — >w"F\^ w — > w ' — ^ N w / — > w " N w — >w'T\^ w > — yw' ,r Fx,w — > w ' (mod JC) 

w' — >w 

(mod JC) 



\ w' 



= 0. 



□ 

Definition 4.18. Define F\ := F\. w ->w' , where the sum is over all directed 
edges in the graph (|4.2p . 

Theorem 4.19. The operator F\ £ £ defines an element 9\ G K G (C(X), C). 
That is, 

(i) F\ is odd with respect to the grading of H\, 
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(ii) F x -F*eJC, 
(Hi) Fl-le JC, 

(iv) [F x , Mf] e JC, for any feC(X), 

(v) [F x ,U{g)] e JC, for any g e G, 
(vi) F\ is G- continuous, 

Moreover, F\ is K-invariant: [F\, U(k)] — for all k S K. 

Proof. This is mostly immediate from the previous lemma. To be explicit about 
the proof of (iii), Lemma r4.17f vi) gives 

F x ^ F\ w ' — i. w " F\ w ' — >w " 

= ~^^Qw (mod JC) 

w 

= 1. 

□ 

Definition 4.20. Let tt\ denote the irreducible representation of K with highest 
weight A. Define a homomorphism of abelian groups 

9:R(K) -» KK G (C(X),C) 
[tta] >->• 0\- 

Let l : C — * C(X) denote the G-equivariant C*-morphism induced by the 
map of X to a point. 

Theorem 4.21. The map l* 06 : R(K) — » R(G) is a ring homomorphism which 
splits the restriction homomorphism Res^ : R(G) — > i?(K). 

Proof. Let A be a dominant weight. We have that Res^ l*o9([tt\]) is the K-index 
of F\. Since F\ is K-equivariant, it decomposes as a direct sum of operators on 
the K-isotypical subspaces of H\, each of which is finite dimensional (Example 
I3.2[) . The K-index of F\ is the sum of the indices of each component. 

To compute this index, we compare with the classical BGG complex. Let 
:= w * A be in the shifted Weyl orbit of A. The induced bundle of our 
normalized i?GG-complex and the holomorphic bundle L^° l of the classical BGG 
complex are identical as K-homogeneous line bundles. The classical BGG 
resolution is exact and K-equivariant, so exact in each K-type. ft follows that 
the index of F\ is [ir\]. Thus the composition Resect* ° 6 is the identity on 
R(K). 

By Theorem 1 Res K : 7-R(G) — ► i?(K) is a ring isomorphism, so it suffices 
to show that the image of l*9 is in r yR{G). Using [Kas88, Theorem 3.6(f)], we 
have 

7 " = L * ®C(G/B) (f C(G/B) ® 7) ®C(G/B) &\ 

= t* ®C(G/B) (Indg Res^ 7) ®c?(G/B) 6> A . 
Since B is amenable, 7 restricts to the unit in i?(B), so 7 • (l*6\) = l*9\- 

□ 

Corollary 4.22. 7 = [(if , U, F )} € i?(G). 
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A Harmonic analysis of longitudinal pseudodif- 
ferential operators 

This appendix describes the proof of Theorem I3.18f ii). As in |Yun| . the key 
computation will be made using Gclfand-Tsctlin bases. The following summary 
of Gclfand-Tsetlin bases follows the expository paper (MplQ6j together with 
some remarks of |Yunj . We immediately specialize to the case of s[(3,C). 

Weights for g[(3,C) correspond to triples of integers m = (mi, m2,rn^) via 




Dominant weights correspond to descending triples, ui\ > m,2 > m.3. 
A Gelfand-Tsetlin pattern is an array of integers 

^3,1 ^3,2 A33 

A := I A2.1 A2.2 

Ai,i 

satisfying the interleaving conditions 

Afe+l,j > Xk,j > Afe+i )3 -+i. (A.l) 

To each Gclfand-Tsetlin pattern there is associated a vector £a in the irreducible 
representation 7r m with highest weight m = (A31, A32, A33). These vectors £a 
form an orthogonal (not orthonormal) basis for this representation. 

When dealing with sl(3, C), rather than g[(3,C), there is some redundancy 
here. Two triples describe the same sl(3, C)-weight if and only if they differ by 
a multiple of (1,1,1). Two Gelfand-Tsetlin patterns describe the same basis 
vector if and only if they differ by a multiple of the constant pattern 




We use the following standard notation: Sf~ := Ylj—i ^k,j is the sum of the 
entries of the fcth row; hj — Xk.j + and A±Sk,j denotes the Gelfand-Tsetlin 
pattern obtained from A by adding ±1 to the (fc,j)-entry. Then 

• £a is a weight vector, with weight (s\ — s$, si — S2, S3 — 52)- 

• The representation 7r m acts on this basis infinitesimally as follows: 

tt(Ai)£a = —(hi — hi) (hi — ^22)£a+<5h 

7r(^l)CA = Ca-5h 

/v w (hi - hi)(hi - h2)(hi - I33) c 

(,'21 — '22 J 

G22 — ^3l)(^22 — ^32)(^22 — ^33) * 

7j 1 \ sA+i5 2 2 

1/22 — hi) 

r v *\c (hi-hi) t .(hi-hi) c 

T(^2j?A = J. j—r$A-5 21 + Jj p^T?A-5 2 2 

[hi — hi) (,'22 — '2lJ 



2G 



• The norm of £a is given by 



ii6vip=n n ( i lki ~ l T j)l Y n a ki ~ lk r\ 

[Ik— 1 i ~ i-li I'ib— 1 i — 'fc i — J- J 



• The vector £a lies in an irreducible representation for the Lie subalgebra 








„=| »'< 2 ' C » 1^(2,0 




with highest weight is given by the second row (A2i,A22) of A (again, 
modulo multiples of (1,1)). 

Remark A.l. As in Section 15721 we note that the Ki-type of a Gelfand-Tsetlin 
vector £a in a given weight space is determined by the Si-type, hence by second 
row of A. 

Let us lift the longest element w p £ W to an element 

(A.2) 

Conjugation by w p interchanges the subgroups Ki and K2. We define rj\ = 
TTm(w p )t;A- These vectors form an alternative orthogonal basis for 7r m with 
related properties. In particular, tja has weight 

w p ■ (si - s , si - s 2 , s 3 - s 2 ) = (s 3 - s 2 , s 2 - si, si - s ), 

norm ||?7a|| = ||£a||, and ?7A lies in an irreducible S2-subrepresentation with 
highest weight determined by the second row of A. 

We now compare the relative position of these two bases. We begin with 
the representation with highest weight m = (to, 0, —to) for m G N. Denote this 
representation by 7r m . 

The 0-weight space of y( m ' 0, ~ m ) is spanned by the Gelfand-Tsetlin vectors 

(to —to 
3 -3 


for j = 0, . . . , to. The (0, —1, l)-wcight space is spanned by the vectors 



Cj : = 6v, with A = 



for j = 1, . . . , to. By the Gelfand-Tsetlin formulas above, 

' 1 in m,j - _|_ + 2j + ^' 3 '' 

^(XaJCj = + ~ 3*)U,j-x + \{{rn+lf - (A.4) 
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so that 



7T m (X 2 )7r m (X|)£ m J = ^-q-yy((m+ l) 2 - j 2 )^ mJ _i 

+ 2(2j + +l) ((m + 1)2 " °' + i) 2 )^-^!-^- 5 ) 

Also, 

7r m (Xi)7r m (Xi)^ m j = j(j + l)£ m ,j. (A. 6) 

The norms of these vectors are 

Urn J 2 = ^ T m! 2 (2m+1)!, (A.7) 

WCJ 2 = ^((m+l) 2 -/)m! 2 (2m+l)!. (A.8) 

We next define 

Vm.J ■= 7Tm(Wp)Cmj, (0 < j < m) 

r l' m ,j K m (w p )£' m}j , (l<j<m) 

These vectors have weights w p ■ = and w p ■ (0,-1,1) = (1,-1,0) = ai, 
respectively, and their norms ||??m,j|| = ||£m,j|| and H^jH = ||£mjll are given 
by Equations (|A.7|) and (|A.8|) above. 

For any X € 6c, Tm(X)Vm,j = 7r m (w)7 r m (ad( w) X)£ m j . Since ad(w)Ai = 
X| and ad(w)Ai = X 2l the formulae (|A.3|> — (| A.6|) above give 

3 3 + 1 

7r m (Ai)r7 m j = | /;,,.,, + — — fyn.j+i, (A.9) 

M^i*)^ = ~ ( (tyi + l) 2 - j 2 )v m<j -i + \{{m + if - j 2 ) Vj , 



(A.10) 



+ -((m + l) 2 -(j 2 +j + l))77 mj 



_ V)/ _,_ ^((ro + l) "O^lHW+i. (All) 
7rm(A 2 )7r m (A2)?7„ iJ - = j(j + l)r)m,j- ( A -12) 
Lemma A. 2. For any m € N, 

V — > 



Vm,0 =%)](-l) J rT&nj, 

^— ' m + 1 



.7=0 

where Lu m € C is some phase factor, \co m \ = !• 
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Proof. Write 7y mj o = Sjlo c- m,j^m,j- Note that rj mt o is annihilated by ir m (X2) 
(for instance, by Equation (|A.12[) ), so Equation (|A.3[) gives, 

= 7T TO (X2 ) C mJ ^ mJ = 2J c m,i ^ + + 2j + l^J + iJ ' 



3=0 3=0 

Taking the coefficient of £' m j in this equation gives c TOJ = — c m,j-i- By 
induction, c m .j = ( — 1) J (2j + l)c m ,o- Hence 



rimfi = c m , ^(-l) j (2j + l)£ mJ . (A.13) 

3=0 

Computing the norms of both sides of this using Equation (|A.8|) , we get 

m! 2 (2m + l)! = |c m , | 2 Y>j + l) 2 — _-m! 2 (2m + 1)! 

= |c m , | 2 (™+l) 2 m! 2 (2TO + l)! 

Hence, |c m ,o| = l/(m + 1), which completes the proof. □ 
Define 

am ^ := mfemfl)! ^'^'*>- (A ' 14) 

Consistent with earlier convention, we put a m := if < j, k < m does not 
hold. 

Lemma A. 3. For < j, k < m, we /icrae £/ie recurrence relation in k 

k((m + l) 2 - fc 2 ) a mjjfc _i 

+ (2fc + l)((m + l) 2 - (fc 2 + fc + 1) - 2j(j + 1)) Omj,* 

+ (fc + l)((m + l) 2 - (fc + l) 2 ) a mj , fc+ i = 0, (A.15) 

1 



initial condition a m ,j.o — ( m -|-i) • 

Remark A. 4. When fc = 0, the first term in (|A.15|1 vanishes, so that for each 
fixed j and m, the one initial condition suffices to determine a solution for all 
fc. 

Proof. Applying Equations (|A.6[) and (jA.llj) to the equality 

m.k/ , 

yields 

fc 

i(j + l)(Cm,j,»7m 1 fc) = 2(2fc + 1) ^ + ^ " ^K&^J'W-l) 

+ i((m + l) 2 - (fc 2 + fc + l))^,^!) 

A ' + L : ((m + l) 2 -(fc + l) 2 )(C mj ,r, m , fc+1 ), 



2(2fc + 1) 
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which reduces to (|A.15[) . For the initial condition, Lemma rA.2l gives 

a m j,o = (,— ir — , i : im list? 



□ 



+ lm! 2 (2m + l)! l|Smj " (m + 1)" 

We now give an approximate solution to the recurrence relation. 
Lemma A. 5. Define 

b m , j<k :=-ir T P k (2(-J- T Y-l], (A.16) 



where P k is the kth Legendre polynomial. For each k € N, there is a constant 
C{k) independent of j and to such that 

\a m ,j,k — b m ,j,k\ < C(k)(m + 1)~ 2 for all m> k, < j < m. (A. 17) 

Proof. Note that 6 m ,j,o = m \i = o>m,j,Oi so that the case k — is trivial. 

Now fix k 6 N, and assume inductively that C{k) and C(k — 1) have been 
defined. Put C\(k + 1) := max{(m + l) 2 \a m j,k+i — bm,j,k+i\ ■ k + 1 < to < 
2fc, < j < to}, so that 

\a m j k+i — b m j k+i\ < Ci(fc)(m+1)~ 2 for all < j < m with fc + 1 < to < 2k. 

(A.18) 

Thus, we restrict to the case m > 2fc. 

By a well known recurrence relation for Legendre polynomials, 

(k + 1) b mJ , k +i - (2k + 1) ^2 (^L-) 2 - 1^) & mj , fe + k b m ^ k -x = 0- 
Therefore, 

(k + 1)((to + i f -(k + l) 2 ) b lr , , i- . | 

+ (2fc + 1)((to + l) 2 - (k + l) 2 ) (l - 2 (^i) 2 ) b md , k 

+ k((m + l) 2 - (k + l) 2 ) = 0. 

Subtracting this from Equation (|A.15[) . we get 

(k + l)((m + l) 2 - {k + l) 2 )(a mJ , fe+i - b mJ , k+1 ) 

+ (2k + 1)((to + l) 2 - (k 2 + k + 1) - 2j(j + l))(a m , i , fc - b md:k ) 
+ k((m + l) 2 - fc 2 )(o mj - :fc _i - 6 TO ,j,fc-i) 

+ (2* + !)(*- 2j - 2(fc + l) 2 (^t) 2 ) b mJ , k 

+ k(2k + ljfemj.fc-i = 0. (A.19) 

Note that |F fe (a;)| < 1 for a; £ [-1,1]. Therefore |6 ro ,j,fc| < (m + 1) _1 for 
< j < m, and hence the latter two terms of Equation (|A. 19|) are bounded by 
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a constant C^Qs) depending only on k. Using the inductively assumed bounds 
| and |a m ,j,fe_i — &m,j,fc-i| w e get 

(k + l)((m + l) 2 - (k + l) 2 )|a mj - :fc+ i - b m j,k+i\ 

< (2k + l)4C(k) + kC(k-l) + C 2 (k). 

If m > 2k, then (fc + l)((m + l) 2 - (fc + l) 2 ) > ±(fc + l)(m + l) 2 , so that 

lomj.fc+1 - 6mj,*+i| < [16C(fe) + 2C(fc - 1) + 2(fc + l)" 1 ^* + l)](m + 1)~ 2 

for all < j < m with m > 2k. (A.20) 

If C(k + 1) is the maximum of the constants Ci(k + 1) and [16C(fc) + 2C(fc — 
1) + 2{k + l)- 1 C 2 (k + 1)], we are done. 

□ 

Remark A. 6. We observed that |6 m j,fc| < (m+ for all < j, k < m. In the 
light of the estimate (|A.17[) we also have |a m j,S;| < (1 + C(k)){m + 

Now consider the action of X\ £ 6c on the zero weight space of %( m fi,-m)- 
Note that X x maps p V n ( m -°'~ m > to p ai V^ m '° •""O . From Equation (|A.6[) . 

(PhXijUj = Ii.WXj)-^™, - 1 Xi^ m , 3 -. (A.21) 

V JU + 1) 

for j > 0, and (PhXi)£ mj o = 0. We next give an approximate formula for 
PhXi with respect to the alternative basis {//a}- 

Recall that {f] m .j}jLo an d W m j}j^=i are orthogonal bases for p V( m '°'~ m ' 
and p ai V^ m '°~ m \ respectively. We let 

Ym,j '■— Vm,j /\\Vm,j\\ = ~ Vm,ji (A. 22) 

m!(2m + ljh 

/rnj ■= V'mj/Wmj = ~ ^ i ^ + ^ _ j2 Vm,j (A.23) 

be the corresponding orthonormal bases. 
Lemma A. 7. For eac/i /ixed A: G N, 

m lim |((PhX i)yro)0) y^ fc )| = V2k - 

Proof. Using, successively, Equations (|A.22[) and (|A.23[) . Lemma [A. 21 Equation 
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(|A.2ip . Equation (jA.lOp . and Equation (|A.14j) , we compute 

((PhXi)y m:0 ,y^ ifc ) 

1 / 2k 



i! 2 (2m + l)! V (m + l) 2 -/c 2 



mP(2m + 1)! V (m + ^ _ k 2 B- 1 ) , '^TT« Ph ^'W 



w m / 2fc 2j + l 



m! 2 (2m + 1)! y (m + l) 2 - A: 2 ^ m + 1 + l) 



' m + 1 ^Af? + 1) 



Um 1 2fc -(_ip( 2 j + l) 



,.,_,„ .,.,,„ ., V ,„,,,, „ _ () y/jtf + 1) UCmJ ' ' ''"'^ 



w m v /2fc((m+ l) 2 - /c 2 ) 
m! 2 (2m + 1)! (m+ 1) 

m 2 j + 1 

j=0 VJU + 1 ) 



Wm V 2fc 1 1 ~ (m + i) 2 J § Vj(7Ti) (fflm,J ' ,fc " 1 + amj ' fc) ' (A ' 24) 



Write the in the final line as 



E / ■/ ■ 2 r? ( a "»,i,fc-l + Omj'.fc) (A.25) 

m ( 3 + h \ 

= E i , ■ 2 x : _ 1 ( a m,j,k-i + a m .j,k) (A.26) 
3=0 \V 3(3 + 1) J 

rn 

~^/]( a mJ,k-l ~ &m,i,fc-l) + (0"m,j,k ~ b m ,j : k) (A. 27) 
2=0 
m 

+E( 6 ™.j.fc-i + ( A - 28 ) 

i=o 



In the sum (|A.26j) . 



2 i o - «o2 : 



which is summable, while a m j^k-i and a m ,j,k are both 0(m _1 ) for fixed fc, by 
Remark |A.6[ so (|A.26[) tends to as m — > oo. By Lemma [A.51 the sum (|A.27p 
is bounded by (m + l).[C(fc — 1) + C(fe)](m + 1)~ 2 , so also vanishes as m — > oo. 
Finally, 

Ew = - T E^ 2 (^t) - 1 (A - 29) 

J=0 j=0 v 7 
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is a Riemann sum for the integral (— l) 3 ' J Q Pk(2t 2 — 1) c?t Thus, using the sub- 
stitution u = 1 — 2t 2 , (|A.29[) converges to 

2-i £(i-„)-* ft (_ tt )d„=i=±£ 

(see e.g., [GR651 7.225(3)]). We obtain that the sum (fOgjl . and hence ([X25]) 
converges to (— l)* 1-1 ( 2 fc-i — 2fc+i ) as TO ~~ * 00 ■ Putting this into Equation 
(|A.24|> proves the result. 

□ 

In the following lemmas, do will denote the trivial representation of K2. 

Lemma A. 8. On any unitary K-representation H, (PhXi)p ao £ ]C a2 (Tl). 

Proof. We will prove the equivalent condition of Proposition I3.5f ii) . Note that 
if F C K 2 contains ao then (PhXi)p ao pp = 0, so we only need that for any 
e > there is a finite set F C K2 such that 

Hp^PhXxKJI <e. (A.30) 

We begin with the case of TC an irreducible K-representation, say of highest 
weight (mi,77i 2 ,m 3 ). 

If 77 G 7i is of trivial K2-type, then it has trivial 52-type and weight 0. By 
the defining properties of the Gelfand-Tsetlin basis, rj must be a scalar multiple 
of T) m fi for some m € N. Therefore p ao = on any irreducible representation 
other than the representations iT(m.o,-m) considered above. 

On V -7r ( m ' '-™), Pcr is the projection onto the span of y m ,o- Let o' k denote 
the K 2 -type in the ai-weight space with highest weight (A; — 1, — k) for 52, so 
that p a ' k is the projection onto y' m k . Then, 

\\p' (rk (PhX 1 )p tro f = Ky^ fc) (PhX 1 )y m , )| 2 . 

Choose I with (21 + l) -2 < \t. Applying Lemma [A.7l to k = 1, we can 
find M sufficiently large that for all k < I, 



-e for all m > M. 

21 



l(/^,(PhX 1 Wl a >2*(^ I -^l) 
Putting Fi := {a' v <?[}, we get 

1 

\\pj, l (PhX 1 )p„ \\ 2 = \\(PhX 1 )p <70 \\ 2 -^2\\p < (PhX 1 )p, 



2 

CO 1 1 



< 1 



< 1 




, 3- 1 r (2k+ir 



1 

l + -e- 



2 V (2Z + 1)= 



< e, 
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so that (|A.30[) holds on all TT( m fi,-m) with m > M . 

In the finitely many K-representations 7T( mj o.-m) with m < M, there can 
only appear finitely many K2-types. Let F C K 2 be the finite set containing 
all of these K 2 -types as well as a[ ■ ■■,cr' l and <7o- Then pp(PhXi)p ao = 
on v( m '°~ m ^ for all m < M. Hence ||p^(Ph Xi)p ao | < e on all irreducible 
representations . 

For a general unitary K-representation Ti 1 pp(Ph Xi)p ao decomposes as a 
sum of operators on each irreducible component, so the same estimate holds. 

□ 

Lemma A. 9. On any unitary K-representation 7i the operators (PhXi*)^^, 
and therefore p ao (YYiXi), are in JC a2 (Ti) . 

Proof. Let U be a unitary representation of K on TL. The antilinear map J : 
H — » £ 1— > (£, • ) intertwines the representations U and U>. One can check 
that for any X in the complexification ic, J _1 U' (X)J = —U(X)*. Since J is 
anti-unitary J -1 Ph (U^(X))J = - Ph{U(X*)) 

If £ £ H has K 2 -type a, then J£ has K 2 -type cr t , so J~ 1 p\j = p a . Thus, 
by conjugating by J, the estimate IA.30I implies ||p^; t (PhXi*)p CTo || < e, where 
Ft :={o-t I ae F}. 

□ 

This completes a base case in the proof of Ph X\ £ *4« 2 . We now need to 
replace <jq by an arbitrary K 2 -type in the preceding two lemmas. To do so, we 
use a trick based on the following fact. 

Lemma A. 10. For any a £ K 2 , there exists a finite collection of continuous 
functions ipx, . . . , i/) n £ C(K) such that p a = 53?=i M^jPagM— as an operator 
onL 2 {K). 

Proof. By the Peter- Weyl Theorem, the right regular representation of K 2 has 
a finite dimensional er-isotypical subspace with a basis consisting of continuous 
functions 61, ... , b m £ C(K 2 ). Thus, for any / £ L 2 (K 2 ), 

n n 

Vaf = E b i(bi,f) = E M hjVao M T J. (A.31) 

Let y C K/K 2 be open and £ : ^ — > K be a continuous local section of the 
principal K 2 -bundlc g : K — * K/K 2 . We now define functions on K which equal 
61, . . . , b m on each fibre over y. To be precise, define 6^, . . . , 6^ on K by 




if fc = C(y)h f° r some y £ y, h E K 2 , 
if ^y. 



By applying (|A.31|) fibrewise we get p a f = YJj=i M b yPa M Iy f for an y / e 

L 2 {K) supported on q~ 1 (y). 

Now let U — {{yi, 0)} be a finite atlas of such gauges. Let ai £ C(K/K 2 ) be 
such that {af} is a partition of unity subordinate to this atlas, and pull back 
to ai := ai o q £ C(K). Then 6^' a; is continuous on K for each j, I, and for any 

feh\K), 

p°f = E a2 if = E E M (^ 5! )P^ M ^r-y/- 
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□ 



Lemma A. 11. Let v be a weight of K. For any f £ C(K), [PhAi, Mj\p v and 
[PhY u M f ]p v are in K, ai {L 2 (K)). 

Proof. Suppose first that / is a weight vector for the right regular representation, 
i.e., f £ C(X; E-^) for some /i. Then Lemma T3. 191 savs that 

[Ph X u M f ] :p„L 2 (K) L 2 (K) 

is in JC ai , which implies the result. The subspace spanned by these weight 
vectors contains all matrix units, so is uniformly dense in C(K). A density 
argument completes the proof. Similarly, \Ph Yi, Mf]p v £ K. ai . □ 

Theorem A. 12. On any unitary K-representation TL, PhJQ and PhY^ are in 
A(TL) fori = 1,2. 

Proof. We begin with TL — L 2 (K) with the right regular representation, and 
consider PhXi. As in Lemma [3.71 the finite multiplicity of K- types in L 2 (K) 
implies that A^(L 2 (K)) = C(L 2 {K)), so PhX 1 £ At. trivially. Since PhXi 
maps the //-weight space into the (p + ai)-weight space for each weight p, it is 
M -harmonically proper, so in A%. Since X% G (ti)c, PhAi preserves Ki-types, 
so is in A ai - It remains to show PhA"i G A a2 . 

Let a £ K2 and let ipi, . . . , ip n £ C(K) be as in Lemma [A. 101 Then 

n 

(PhX^p* = ^(PhX 1 )M 4 , jPao M^ 
3=1 

n n 
3=1 3=1 

Since p ao projects into the 0-weight space, Lemmas IA.81 IA. Ill and 13.111 im- 
ply (PhAi)p CT £ K a2 . A similar computation using Lemma I A. 91 shows that 
(PhYi)p ff = (PhAi*)p CT £ JC aa , so p CT (PhAi) G K a2 . By Proposition EH 
PhAi G A a2 . 

Therefore PhA"i G A. By taking adjoints, PhYi G A. 

Conjugation by the longest Weyl group element interchanges A ai and A a2 
and fixes A$ and Ay., so fixes A. It also sends X\ and Y\ to Y% and X2, 
respectively. We obtain PhY~ 2 , PhA 2 £ A. 

The theorem remains true if TL is a direct sum of arbitrarily many copies of 
the regular representation. Since every unitary K-representation can be equiv- 
ariantly embedded into such a direct sum, we are done. 

□ 

Corollary A. 13. LetTL be any unitary K-representation. Fori = 1,2 and any 
weight p, Ph Xi : p^TL — > p^+ ai TL is in A. 

In particular, PhX, : L 2 (#;£L M ) -> L 2 (X; E^^ a% ) G -4. 

The above result is sufficient for the applications of this paper. But the 
generalization to arbitrary order zero longitudinal pseudodifferential operators 
(Theorem I3.18[) is easily deduced from it, and perhaps useful for future appli- 
cations. 
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Proof of Theorem \3.18[ Start with the case E = E' = Eq, the trivial line bundle 
over X. Recall Connes' short exact sequence 

Symb 

^l(Eo) *%(Eo) C(S*^) 0. 



We know from [Yuri] that ^}{E ) C A. Let C C C{S*Ti) be the image 

of ^^(Eq) n A under the longitudinal principal symbol map. We prove that 
C = C(S*!Fi) by showing that it separates the points of S*Ti, in the sense of 
the Stone- Weierstrass Theorem. 

For any / £ C(X), the multiplication operator Mf is in ^^(Eq) DA, so the 
function algebra C separates points in different fibres of S* Ti. The longitudinal 
principal symbol of Ph Xi separates points in the fibre at the identity coset (see 
Lemma l3.17[) . Let ip £ C(X; E a ) be any smooth section of E a which is nonzero 
at the identity coset. Then M v PhXi £ ^%-^Eq) n A and its principal symbol 
separates points of the fibre at the identity coset. Conjugating by translations 
by k £ K, C separates points in any fibre. 

Now suppose E = E^. E' = E v are general K-homogeneous line bundles. 
Find partitions of unity tp±, . . . , ip n £ C(X; E^), tp'i, . . . , ip' m £ C(X\ E v ) in the 
sense of Lemma O If A £ ^%(E,E'), then M—AM lfik £ ^%{E ) C A for 

each j, k. Hence A = J2 ik M <p'. M 7^ AM Vh M W e A '- 

' ^ j 

The case of higher dimensional bundles reduces to the above by decomposing 
equivariantly into line bundles. 

□ 



References 

[AS71] M. F. Atiyah and I. M. Singer. The index of elliptic operators. IV. 
Ann. of Math. (2), 93:119-138, 1971. 

[BCH94] P. Baum, A. Connes, and N. Higson. Classifying space for proper 
actions and if-theory of group C*-algebras. In C* -algebras: 1943- 
1993 (San Antonio, TX, 1993), volume 167 of Contemp. Math., pages 
240-291, Providence, PJ, 1994. Amer. Math. Soc. 

[BGG75] I. Bernstein, I. Gel'fand, and S. Gel'fand. Differential operators on 
the base affine space and a study of g-modules. In Lie groups and 
their representations (Proc. Summer School, Bolyai Jdnos Math. Soc, 
Budapest, 1971), pages 21-64, New York, 1975. Halsted. 

[Bla98] Bruce Blackadar. K -theory for operator algebras, volume 5 of Mathe- 
matical Sciences Research Institute Publications. Cambridge Univer- 
sity Press, Cambridge, second edition, 1998. 

[Che96] ZhiQiang Chen. Scries complcmcntaires des groupes de Lorentz et 
KK-theoiie. J. Fund. Anal, 137(l):76-96, 1996. 

[CSS01] Andreas Cap, Jan Slovak, and Vladimir Soucek. Bernstein-Gelfand- 
Gelfand sequences. Ann. of Math. (2), 154(1):97-113, 2001. 



36 



[Duf75] Michel Duflo. Representations irrcductibles des groupes semi-simples 
complexes. In Analyse harmonique sur les groupes de Lie (Sera., 
Nancy- Strasbourg, 1973-75), pages 26-88. Lecture Notes in Math., 
Vol. 497. Springer, Berlin, 1975. 

[GR65] I. S. Gradshteyn and I. M. Ryzhik. Table of integrals, series, and 
products. Fourth edition prepared by Ju. V. Geronimus and M. Ju. 
Ceitlin. Translated from the Russian by Scripta Technica, Inc. Trans- 
lation edited by Alan Jeffrey. Academic Press, New York, 1965. 

[Hig98] Nigel Higson. The Baum-Connes conjecture. In Proceedings of the In- 
ternational Congress of Mathematicians, Vol. II (Berlin, 1998), pages 
637-646, 1998. 

[JK95] P. Julg and G. Kasparov. Operator i-T-theory for the group SU(n, 1). 
J. Reine Angew. Math., 463:99-152, 1995. 

[Jul02] Pierre Julg. La conjecture de Baum-Connes a coefficients pour le 
groupe Sp(n, 1). C. R. Math. Acad. Set. Pans, 334(7):533-538, 2002. 

[Kas84] G. Kasparov. Lorentz groups: i-T-theory of unitary representations 
and crossed products. Dokl. Akad. Nauk SSSR, 275(3):541-545, 1984. 

[Kas88] G. Kasparov. Equivariant KK-theoiy and the Novikov conjecture. 
Invent. Math., 91(1):147-201, 1988. 

[Lan95] E. C. Lance. Hilbert C* -modules, volume 210 of London Mathematical 
Society Lecture Note Series. Cambridge University Press, Cambridge, 
1995. A toolkit for operator algebraists. 

[Mol06] A. I. Molev. Gcl'fand-Tsetlin bases for classical lie algebras. In 
M. Hazewinkel, editor, Handbook of algebra. Vol. 4, pages 109-170. 
Elsevier, 2006. 

[MS06] Calvin C. Moore and Claude L. Schochet. Global analysis on foliated 
spaces, volume 9 of Mathematical Sciences Research Institute Publica- 
tions. Cambridge University Press, New York, second edition, 2006. 

[Pus08] M. Puschnigg. Finitely summable Fredholm modules over higher rank 
groups and lattices, preprint, http://arxiv.org/abs/0806.2759, 
2008. 

[Tay81] Michael E. Taylor. Pseudodifferential operators, volume 34 of Prince- 
ton Mathematical Series. Princeton University Press, Princeton, N.J., 
1981. 

[Yun] R. Yuncken. Longitudinal pseudodifferential operators on flag vari- 
eties, submitted. 

[Yun06] R. Yuncken. Analytic Structures for the Index Theory o/SL(3,C). 
PhD thesis, Penn State University, 2006. 



37 



